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Abstract
We prove a Wedderburn–Artin type theorem for algebraic prime subalgebras in simple Artinian algebras,
giving a generalized version of Yahaghi’s theorem [B.R. Yahaghi, On F -algebras of algebraic matrices over
a subfield F of the center of a division ring, Linear Algebra Appl. 418 (2006) 599–613]. We also show that
every semiprime left algebraic subring in a semiprime right Goldie ring must be a semiprime Artinian ring.
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1. Results
Let D be a division algebra over a field F and n  1. We let R = Mn(D), the n × n matrix
algebra with entries in D, and identify R with End(VD), where V is a right vector space over D
of dimension n. As usual, a subspace W of VD is called invariant under an additive subgroupS
of R if sW ⊆ W for all s ∈S. A nonzero additive subgroup S of R is called irreducible if the
only invariant subspaces of VD under S are 0 and VD .
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A version of a celebrated theorem of Burnside asserts that Mn(F) is the only irreducible
subalgebra in Mn(F) provided that F is an algebraically closed field. Some different generalized
versions of Burnside’s Theorem have been obtained in the literature. See, for instance, [6,8–10].
In a recent paper [11], towards the same direction Yahaghi proved a Wedderburn–Artin type
theorem for irreducible F -algebras of F -algebraic matrices in Mn(D) (see [11, Theorem 2.2 and
Corollary 2.3]).
In this paper, all rings (or algebras) are assumed to be associative but do not necessarily have
a unity. When a ring (or algebra)A has unity, it is called unital and the unity is denoted by 1A. A
ring (or an algebra)R is called prime (resp. semiprime) if for a, b ∈ R, aRb = 0 (resp. aRa = 0)
always implies either a = 0 or b = 0 (resp. a = 0). An idempotent e in a ringR is called minimal
if eR is a minimal right R-module. It is well-known that an idempotent e in a semiprime ring R
is minimal iff eRe is a division ring (see [4, Proposition 3.4.2]).
It is easy to check that every irreducible subalgebra in a simple Artinian algebra must be prime,
but the converse is not true in general. Motivated by Yahaghi’s paper [11], our first objective in
this paper is to prove a Wedderburn–Artin type theorem for algebraic prime subalgebras in simple
Artinian algebras.
Theorem 1.1. Let D be a division algebra over a field F and n  1. Suppose thatA is an F -
algebraic prime subalgebra of R :=Mn(D). Let r be the smallest nonzero rank present in A.
Then A contains s orthogonal minimal idempotents e1, . . . , es such that e1 + · · · + es = 1A.
Moreover, the following hold:
(1) A ∼= Ms(), where  ∼= e1Ae1, a division subalgebra of e1Re1.
(2) e1Re1 ∼= Mr(D) and the integer r divides rank(z) for all z ∈A.
(3) If 1A = 1R, then n = rs and after a similarity A = Mn/r(′), where ′ is a division
F -algebra of F -algebraic matrices in Mr(D).
Our second objective, motivated by papers [8,9], is to consider left algebraic subalgebras in
simple Artinian algebras. We begin with the definition of left algebraic subalgebras.
Definition 1.2. Let R be a unital ring and let D be a unital subring of R, where R and D have
the same unity. A subringA of R is called left D-algebraic if the following hold:
(1) A is a submodule of the left D-module DR.
(2) For each a ∈A there exist t  1 and d0, . . . , dt ∈ D, where d0 /= 0, such that d0at +
d1at−1 + · · · + dt = 0.
In our terminology, the Radjabalipour–Radjavi Theorem [8, Theorem 2.1] can be stated as
below. The ringA of [8, Theorem 2.1] satisfies the condition that, for a ∈A, (ax)2 = 0 for all
x ∈A implies a = 0. Clearly, this is equivalent to saying thatA is a semiprime ring [2, Lemma
1.1]. Also, the motivation to study the theorem is referred to the references of [8]. For a ringA
let Z(A) be the center of A. For central idempotents e, f ∈A, we define e  f iff ef = e.
A central idempotent f ∈A is called maximal if f  g for a central idempotent g ∈A then
g = f . Therefore, whenA has unity 1A, 1A is the unique maximal central idempotent ofA.
Theorem 1.3 (Radjabalipour and Radjavi [8]). Let D be a division ring and let K be a division
subring of D. Suppose thatA is a left K-algebraic semiprime subring of the matrix ring Mn(D).
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Then A contains a maximal central idempotent c such that (1 − c)A(1 − c) = 0. Moreover,
if e ∈A is a minimal idempotent and f ∈Z(A) is a minimal central idempotent satisfying
ef = e, then eAe is a division ring and fAf ∼= Mm(eAe) for some positive integer m.
We state another result, due to [9], about left algebraic subalgebras. Let A be a subring of
the matrix algebra Mn(D), where D is a division ring. An idempotent e ∈A is called tight if all
nonzero elements in eAe have the same rank in Mn(D).
Theorem 1.4 (9, Theorem 2.1). Let A be an irreducible left subalgebra of R :=Mn(D) (i.e.,
DA ⊆A) for some division ring D. Let k be the smallest rank of nonzero elements inA. Then
n = mk for some integer m and there exist tight idempotents e1, . . . , em inA of rank k such that
eiej = δij ei for i, j = 1, . . . , m, and 1R = e1 + · · · + em. In particular, 1R ∈A.
Our purpose here is to prove a theorem (Theorem 1.5) about left algebraic subalgebras in a
semiprime right Goldie ring, so that Theorems 1.3 and 1.4 above are immediate consequences of
this theorem.
LetM be a right R-module over a ring R. We write dim(MR) for the Goldie dimension of
the moduleMR, which is defined as the largest integer k such thatMR contains a direct sum of k
nonzero submodules. We define dim(MR) = ∞ if such an integer k does not exist. A ring (or an
algebra)R is called right Goldie if dim(RR) < ∞ andR satisfies the ascending chain condition
on right annihilators.
Theorem 1.5. Let R be a unital semiprime right Goldie ring and let D be a division subring of
R, whereR and D have the same unity. Then every semiprime left D-algebraic subringA ofR
is a semiprime Artinian ring.
As a consequence of Theorem 1.5, we also prove the following generalization of [9, Theorem
2.4].
Theorem 1.6. Let A be a prime left subalgebra of R :=Mn(D) with 1A = 1R, where D is a
division ring. IfA contains an element of rank one in Mn(D), then there exists a unit v in Mn(D)
such that Mn(D), as a left D-module, is spanned by vAv−1.
2. Proofs
We let J(R) denote the Jacobson radical of a ring R. A ring R is called semipotent if every
right ideal not contained inJ(R) contains a nonzero idempotent, or equivalently every left ideal
not contained in J(R) contains a nonzero idempotent. The semipotent rings are also called I0-
rings by Nicholson [7]. A ring R is called I -finite if R contains no infinite sets of orthogonal
idempotents. A ring R is called semiperfect if R/J(R) is semiprime Artinian and idempotents
lift moduloJ(R). We begin with the following (see [7, Theorem 4.3]).
Theorem 2.1 (Nicholson). A ring R is semiperfect iff R is I -finite and semipotent.
The following is an immediate consequence of Theorem 2.1.
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Corollary 2.2. A ring R is semiprime Artinian iff R is an I -finite ring such that every nonzero
right ideal contains a nonzero idempotent iff R is an I -finite ring such that every nonzero left
ideal contains a nonzero idempotent.
The next lemma has the same proof as that of [1, Lemma 1.3.2]. For completeness we include
its proof here.
Lemma 2.3. Let R be an algebraic algebra over a field k. Then R is semipotent and J(R) is
nil.
Proof. Let a ∈ R be non-nilpotent. We claim aR contains a nonzero idempotent. Since a is
algebraic over k, there exist s  1 and a polynomial h(λ) ∈ k[λ] such that as = as+1h(a). We
have as = asah(a) = as+1h(a)ah(a) = as+1p(a), where p(λ) = λh(λ)2. In particular, p(0) =
0. A direct computation shows that as = as+kp(a)k /= 0 for all k  1 and so (asp(a)s)2 =
(a2sp(a)s)p(a)s = asp(a)s /= 0, as asserted. It follows now by the claim that J(R) is nil and
R is semipotent. 
The next corollary follows from Theorem 2.1 and Lemma 2.3.
Corollary 2.4. LetA be a k-subalgebra of an I -finite k-algebra R, where k is a field. IfA is
k-algebraic, thenA is a semiperfect ring withJ(A) nil.
Corollary 2.5. LetA be a k-subalgebra of a right Goldie k-algebra R, where k is a field. IfA
is k-algebraic, thenA is a semiperfect ring withJ(A) nilpotent. If in additionA is semiprime,
thenA is Artinian.
Proof. Since R is right Goldie, R is I -finite and so is its subalgebra A. In view of Corollary
2.4, the k-algebraicity of A implies that A is a semiperfect ring with J(A) nil. By Lanski’s
Theorem [5], J(A) must be nilpotent. Notice that a semiprime ring has no nonzero nilpotent
one-sided ideals. Therefore, if in additionA is semiprime, thenJ(A) = 0 and soA is Artinian.
This proves the corollary. 
Lemma 2.6. Let A ⊆ R be rings and let e, f be idempotents in A. If eA ∼= fA as right
A-modules, then eR ∼= fR as right R-modules.
Proof. Suppose that eA ∼= fA as rightA-modules. By [4, Proposition 3.4.3], this is equivalent
to saying that uv = e and vu = f for some u ∈ eAf and v ∈ fAe. Therefore, by the same
reason, eR ∼= fR as right R-modules. This proves the lemma. 
For a division ring D, identify R = Mn(D) with End(VD) where V is a right vector space
over D of dimension n. It is easy to notice that rank(f ) = dim((fR)R) for all f ∈ R. We are
now ready to prove Theorem 1.1.
Proof of Theorem 1.1. LetR = Mn(D) and identifyRwith End(VD), where V is a right vector
space over D of dimension n. It follows from Corollary 2.5 that A is a prime Artinian alge-
bra. The Wedderburn–Artin Theorem shows thatA contains finitely many orthogonal minimal
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idempotents e1, . . . , es for some s  1 such that e1 + · · · + es = 1A, and A ∼= Ms(), where
 ∼= e1Ae1, a division subalgebra of e1Re1. Thus (1) is proved.
(2) Let 0 /= z ∈A. SinceA is a regular ring, z = zxz for some x ∈A. Let f :=zx ∈A, an
idempotent with the same rank as z. Since A is a prime Artinian ring, f is the sum of finitely
many orthogonal minimal idempotents inA, say f = g1 + · · · + gk . SinceA is a prime algebra,
all giA are isomorphic as right A-modules. By Lemma 2.6, g1R ∼= giR as right R-modules.
But fR = g1R⊕ · · · ⊕ gkR. This implies that rank(f ) = k · rank(g1). Next we claim that every
minimal idempotent inA has rank r . The claim will imply rank(z) = kr , and thus it follows that
e1Re1 ∼= Mr(D).
To show the claim, choose an element z ∈A such that rank(z) = r . As above, r = rank(z) =
k · rank(g1). The minimality of r shows that k = 1. So rank(g1) = r . Let g ∈A be a minimal
idempotent. The primeness ofA asserts that (g1A)A ∼= (gA)A. By Lemma 2.6, g1R ∼= gR as
right R-modules, implying that g has rank r .
(3) Since 1A = 1R, it follows that e1R⊕ · · · ⊕ esR = R. By (2), dim eiR = r for 1  i  s.
Thus n = rs follows. That is, s = n/r . By (1) there exists a set of matrix units {eij |1  i, j 
n/r}. Since eiiAeii ∼=  for all i, in view of [4, Proposition 3.4.2], eii are minimal idempo-
tents inA. So we may assume, without loss of generality, that eii = ei for 1  i  n/r . Since
eiRei ∼= Mr(D), there exist r orthogonal minimal idempotentsf(i−1)r+j ∈ R, j = 1, . . . , r , such
that
f(i−1)r+1 + · · · + fir = ei for i = 1, . . . , n/r.
Let Eij ∈ R denote the matrix with 1 at the entry (i, j) and 0 otherwise, and let
Ei :=E(i−1)r+1,(i−1)r+1 + · · · + Eir,ir for i = 1, . . . , n/r.
In view of [4, Proposition 3.7.3], there exists a unit v ∈ R such that vfiv−1 = Eii for 1  i  n.
We letA′ :=vAv−1, a similarity of the subalgebraA in R, and claimA′ = Mn/r(′), where
′ is a division F -algebra of F -algebraic matrices in Mr(D).
Notice that veiv−1 = Ei for i = 1, . . . , n/r . We haveA′ =⊕n/ri,j=1 EiA′Ej . Since
E1A
′E1 = v(e1Ae1)v−1 ⊆ v(e1Re1)v−1 = E1RE1 = Mr(D).
We let ′ :=E1A′E1. Then ′ is a division F -algebra of F -algebraic matrices in Mr(D). For
1  i, j  n/r , as additive groups we also have
eiAej ∼= Hom(eiAA, ejAA) ∼= Hom(e1AA, e1AA) ∼= e1Ae1.
This implies thatA′ = Mn/r(′), as asserted. This proves the theorem. 
The following result of Yahaghi [11, Theorem 2.2 and Corollary 2.3] can be quickly verified
using Theorem 1.1.
Theorem 2.7 (Yahaghi [11]). Let D be a division algebra over a field F and n  1. Suppose that
A is an irreducible, algebraic F -subalgebra ofR :=Mn(D). Let r be the smallest nonzero rank
present inA. Then 1R ∈A, the integer r divides n and after a similarityA = Mn/r(), where
 is an irreducible division F -algebra of F -algebraic matrices in Mr(D). Moreover, the integer
r divides rank(z) for all z ∈A. In particular, after a similarity,A = Mn() for an F -algebraic
division subring  of D if and only if r = 1.
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Proof. Identify R with End(VD), where V is a right vector space over D of dimension n. We
claim that, for a, b ∈ R, aAb = 0 implies a = 0 or b = 0. Suppose that b /= 0. Then AbV is
an invariant subspace of VD underA. Thus eitherAbV = V orAbV = 0. IfAbV = V , then
aV = aAbV = 0 and so a = 0, as asserted. For the latter case, bV is an invariant subspace under
A. Thus bV = V as b /= 0. SoAV = 0, a contradiction. This proves our claim.
In particular, A is a prime algebra. By Theorem 1.1, A has unity. We now retain all nota-
tions in Theorem 1.1. SinceA is irreducible,AV = V , so (1R − 1A)V = (1R − 1A)AV = 0.
Hence 1A = 1R. In view of Theorem 1.1, A contains n/r orthogonal minimal idempotents
e1, . . . , en/r ∈A such that e1 + · · · + en/r = 1R. Clearly, e1Ae1 is irreducible in
End(e1VD) ∼= e1Re1. Together with Theorem 1.1, the theorem is thus proved. 
We remark that Theorem 1.1 has a version in the context of rings when the subalgebraA is
assumed to be a simple Artinian subring ofR from the start. The assumption thatA is F -algebraic
is no longer needed. Therefore, we record this fact as follows.
Theorem 2.8. Let D be a division ring and n  1. Suppose thatA is a simple Artinian subring
ofR :=Mn(D). Let r be the smallest nonzero rank present inA. ThenA contains s orthogonal
minimal idempotents e1, . . . , es such that e1 + · · · + es = 1A. Moreover, the following hold:
(1) A ∼= Ms(), where  ∼= e1Ae1, a division subring of e1Re1.
(2) e1Re1 ∼= Mr(D) and the integer r divides rank(z) for all z ∈A.
(3) If 1A = 1R, then n = rs and after a similarity A = Mn/r(′), where ′ is a division
subring in Mr(D).
We next come to the proof of Theorem 1.5. For a ∈ R, write R(a) :={x ∈ R|xa = 0} to stand
for the left annihilator of a in R. Similarly, let rR(a) be the right annihilator of a in R. A right
ideal of a ringR is called essential if it has nontrivial intersection with any nonzero right ideal of
the ring R.
Proof of Theorem 1.5. By Goldie’s Theorem [1, Theorem 7.2.2],R has the classical ring of right
quotients, which is a semiprime Artinian ring. Thus we may assume, without loss of generality,
that R is a semiprime Artinian ring.
Clearly, R is I -finite and so is its subringA. By Corollary 2.2, to proveA to be semiprime
Artinian it suffices to prove that every nonzero left ideal of A contains a nonzero idempotent.
We first claim that if λ is a nonzero left ideal of A and if Dλ ⊆ λ, then λ contains a nonzero
idempotent.
Because R is a semiprime right Goldie ring and because A is semiprime, by both Lanski’s
Theorem [5] and Levitzki’s Lemma (see [2, Lemma 1.1]) λ cannot be nil (see also [11, Theorem
1.3]). Choose a non-nilpotent element a ∈ λ. Since R is semiprime Artinian, the two chains
R(a) ⊆ R(a2) ⊆ · · · and rR(a) ⊆ rR(a2) ⊆ · · · must terminate. Thus there is a positive integer
m such that R(am) = R(a2m) and rR(am) = rR(a2m). Replacing a by am we may assume from
the start that
R(a) = R(a2) and rR(a) = rR(a2).
Thus, aR+ rR(a) is an essential right ideal ofR. SinceR is semiprime Artinian, it follows that
aR+ rR(a) = R.
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Since A is left D-algebraic and D is a division ring, there exists an integer t  1 minimal
with respect to the property that, for some d1, . . . , dt ∈ D,
at + d1at−1 + · · · + dt−1a + dt = 0.
If dt /= 0, then 1 = −d−1t (at + d1at−1 + · · · + dt−1a) ∈ λ, as asserted. Suppose that dt = 0.
Since R(a) = R(a2), the minimality of t implies that dt−1 /= 0. Hence (g − 1)a = 0, where
0 /= g = −d−1t−1(at−1 + · · · + dt−2a) ∈ λ ∩Ra. So we have (g2 − g)(aR+ rR(a)) = 0. Since
aR+ rR(a) = R, one obtains g = g2 ∈ λ. This proves our claim.
We claim next that A is a unital ring. Since DA ⊆A, by the claim above A contains a
nonzero idempotent, say e1. IfA(1 − e1) = 0 then e1 is the unity ofA, as asserted. Suppose that
A(1 − e1) /= 0. Notice thatA(1 − e1) is a left ideal ofA and DA(1 − e1) ⊆A(1 − e1). Thus
there exists a nonzero idempotent f ∈A(1 − e1). In particular, f e1 = 0. Set e2 = (1 − e1)f ∈
A. Then e1, e2 are nonzero orthogonal idempotents inA. If e1 + e2 is the identity ofA, then the
claim is proved. Otherwise, A(1 − e1 − e2) /= 0. Repeating the same process as before, either
A is a unital ring or there exists infinitely many nonzero orthogonal idempotents e1, e2, . . . in
A. The latter case implies that the sum
∑∞
i=1 eiR is direct and so R is not a right Goldie ring, a
contradiction. Up to now, we have proved thatA has unity.
Let λ be any nonzero left ideal of A. Then Dλ = (D · 1A)λ ⊆Aλ ⊆ λ. As shown above,
λ contains a nonzero idempotent. In view of Corollary 2.2, A is a semiprime Artinian ring, as
asserted. 
Now Theorems 1.3 and 1.4 are easy corollaries of Theorem 1.5.
Proof of Theorem 1.3. In view of Theorem 1.5,A is a semiprime Artinian ring. In particular,
A has unity, say c. Then c is the unique maximal central idempotent in the ring A. Clearly,
(1 − c)A(1 − c) = 0. Let e be a minimal idempotent in A and let f be a minimal central
idempotent of A satisfying ef = e. Then fAf is a simple Artinian ring and e is a minimal
idempotent in the ring fAf . So eAe is a division ring and fAf ∼= Mm(eAe), where m is the
positive integer satisfying fA ∼= (eA)(m), the m-copies of eA, as rightA-modules. This proves
the theorem. 
Proof of Theorem 1.4. SinceA is irreducible inR :=Mn(D),A is a prime ring. By hypothesis,
DA ⊆A. ThusA is a left D-algebraic subalgebra of Mn(D) as Mn(D) is a left vector space
over D of dimension n2. In view of Theorem 1.5,A is a prime Artinian ring. In particular,A has
unity, say f . Then (1 − f )A(1 − f ) = 0. SinceA is irreducible, for a, b ∈ Mn(D), aAb = 0
implies either a = 0 or b = 0. Hence f = 1R.
By the Wedderburn–Artin Theorem, A ∼= Mm() for some m  1, where  is a division
ring. Choose m orthogonal minimal idempotents e1, . . . , em in A such that e1 + · · · + em =
1. Since all eiA’s are isomorphic as right A-modules, by Lemma 2.6 all eiR’s are isomor-
phic as right R-modules. Thus all ei have the same rank in R, say k  1. Finally, we must
show that each ei is a tight idempotent. Let 0 /= x ∈ eiAei , a division ring. There exists y ∈
eiAei such that xy = ei = yx. So xR = eiR, implies that x has rank k. This proves the
theorem. 
Proof of Theorem 1.6. SinceA is a left subalgebra of Mn(D), we have DA ⊆A. As shown
in the proof of Theorem 1.4, A is left D-algebraic. Since A is prime, it is a prime Artin-
ian ring by Theorem 1.5. It follows from the Wedderburn–Artin Theorem that A ∼= Mm(),
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where  is a division ring. Since 1A = 1R and A contains an element of rank one in Mn(D),
this implies m = n. Choose a set of matrix units in A, say {eij |1  i, j  n}. Let {Eij |1 





Feij → Mn(F) ⊆ Mn(D),
defined by φ(
∑n
i,j=1 βij eij ) =
∑n
i,j=1 βijEij where βij ∈ F , is an F -algebra isomorphism. By
the Noether-Skolem Theorem [1, Theorem 4.3.1], φ is a restriction of some inner automorphism of
Mn(D). That is, there exists a unit v ∈ Mn(D) such that φ(x) = vxv−1 for all x ∈∑ni,j=1 Feij .
In particular, Eij = veij v−1 ∈ vAv−1 for all 1  i, j  n. Note that Mn(D) =∑ni,j=1 DEij .
This implies that Mn(D), as a left D-module, is spanned by vAv−1. The theorem is thus
proved. 
Theorem 2.9 ([9, Theorem 2.4]). LetA be an irreducible left subalgebra of Mn(D), where D is
a division ring. IfA contains a matrix of rank one in Mn(D), then there exists a unit v in Mn(D)
such that Mn(D), as a left D-module, is spanned by vAv−1.
Proof. As before,A is a prime ring as it is irreducible in Mn(D). In view of Theorem 1.4, 1R ∈A
follows. Thus the theorem is proved by Theorem 1.6. 
The assumption that “A is k-algebraic” in all the results is essential.
Example 2.10. Let F be a field with an automorphism σ of infinite order. Let D = F((x, σ )) be
the ring of formal Laurent series ∞i=naixi , where n ∈ Z, the ring of integers, and ai ∈ F , with
multiplication defined by xa = σ(a)x for all a ∈ F . By [3, Proposition 14.2], D is a division ring
and the center of D is k :={a ∈ F |σ(a) = a}, the fixed field of σ . Let A = k[[x]]. Then A is a
prime k-subalgebra of D, but clearly A is not Artinian.
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